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Abstract 

We discuss, in the framework of Dubrovin-Zhang's perturbative 
approach to integrable evolutionary PDEs in 1 + 1 dimensions, the role 
of a special class of Poisson pencils, called exact Poisson pencils. In 
particular we show that, in the semisimple case, exactness of the pencil 
is equivalent to the constancy of the so-called "central invariants" of 
the theory that were introduced by Dubrovin, Liu and Zhang. 



1 Introduction 

Integrable hierarchies of evolutionary PDEs of the form 

oo 

(li = yjiQH + ^^^kiQ. Qx, fc, • • . , q{n), ■■■) (1) 

k=l 

have been extensively studied in the last years (see, e.g., [29 | [T7 t [T8l[6| 130] ) . 

In particular, great attention to the so-called topological hierarchies also 
because of their relation to the theory of Gromov-Witten invariants, the the- 
ory of singularities, and other seemengly unrelated topics of Mathematics 
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and Theoretical Physics. These hierarchies possess some additional struc- 
tures: they are bi-Hamiltonian, they admit a tau-structure and satisfy Vi- 
rasoro constraints |16]. The notion of r-structure (or r- function) is perhaps 
among the oldest ones in the theory of evolutionary equations in 1 + 1 di- 
mensions, having been introduced by Hirota as the major character in the 
bilinear formulation of integrable PDEs. Its properties were further exploited 
by the Japanese school (see, e.g., [2S1 [121 EZ])- In the present approach, the 
existence of a r-structure for an integrable hierarchy of 1 -|- 1 evolutionary 
PDEs will be understood as the possibility of defining special densities h* 
for the mutually conserved quantities of the PDEs that satisfy the symmetry 
requirement 

dh* _ dh* 
dtj dti ' 

where ^ is some suitable one-sequence ordering of the various times of the 
hierarchy. 

Virasoro symmetries are also well known objects of the theory; in par- 
ticular here we refer to the Virasoro-type algebras of additional (explicitly 
time(s)-dependent) sjTumetries of the classes of PDEs we are concerned with. 
In particular, they gained much attention in the light of the celebrated results 
by Kontsevich and Witten [27t 138] that identified a particular r-function of 
the KdV hierarchy with the partition function of 2D Quantum gravity. 

As it is well known, the existence of a bi-Hamiltonian structure means 
that the equations of the hierarchy can be written in Hamiltonian form with 
respect to two compatible Poisson bivectors Pi and P2 and that the Poisson 
pencil P2 — XPi is a Poisson bivector for any A |3T]. A remarkable result 
established in [16], and subsequently refined in [6] is that, if the pencil Pa is 
semisimple, (in a sense to be made precise later) and admits a r-function the 
above requirements fix uniquely the hierarchy once the dispersionless limit 

Ql = V;{q)qi (2) 

and its bi-Hamiltonian structure [001^002) are given. The semisimplicity of the 
pencil is related to the existence of a special set of coordinates {v} , . . . ,«"■) 
called canonical coordinates. If one relaxes the hypothesis of existence of a 
taw-structure, the deformations are parametrized by certain functional pa- 
rameters called central invariants that are constants in the case of topologi- 
cal hierarchies. In turn, further results in pjTj , suggest that the constancy of 
these central invariants is related with the existence of the r-function of the 
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hierarchy. 



In this paper we will show that the Poisson pencil 

of a topological hierarchy is exact, in the sense that there exists a vector field 
Z (to be called Liouville vector field of the pencil) such that 

UezP2 = Pi, and Lie^Pi = 0. (3) 

Moreover, we show that there exists a Miura transformation reducing simul- 
taneously Z to its dispersionless limit: 

1=1 

and the pencil IIa to the form 

00 

k=l 

The hint for our works stems from the observation (s) (to be briefiy recalled 
in Section [2]) that the geometry of exact bi-Hamitonian manifolds provides 
somehow for free the needed "toolkit" requested for the existence of a r- 
function for the hierarchy. Indeed, on general grounds, on the one hand the 
bi-Hamiltonian hierarchies defined on exact bi-Hamitonian manifolds exhibit 
additional symmetries of Virasoro type (SH]. On the other hand, the action 
of the Liouville field on the Hamiltonian of the hierarchy naturally provides 
new densities for the conserved quantities. 

Actually, we are not going to tackle these problems directly and abstractly 
as a problem in the general theory of Poisson manifolds; rather, we use these 
"nice" properties of exact Poisson pencils as suggestions for their realiza- 
tion within the perturbative approach developed in recent years by Boris 
Dubrovin and his collaborators for the classification problem of 1 -|- 1 evolu- 
tionary integrable PDEs of KdV-type. In particular, we borrow from them 
methods as well as a number of explicit results, with the aim of showing that 
the geometric notion of exactness of a Poisson pencil can be fruitfully used 
in this field. 
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The paper is organized as follows: in Section we collect some (more or 
less known) results about exact Poisson pencils; then in Section [3] we study 
exact semisimple Poisson pencils of hydrodynamic type and we show that 
for such pencils the vector field Z coincides with the unity vector field e of 
the underlying Frobenius manifold. In Sections H] and [5] we recall (following 
[T7] and [21]) some definitions and results about central invariants and bi- 
Hamiltonian cohomology necessary for the subsequent Section [H] which is 
devoted to the proof of the main result of the paper. Section [7] contains a 
brief summary of the paper and some indications of further possible steps to 
generalize the results herewith presented. 

Acknowledgments 

We warmly thank F. Magri and M. Pedroni for fruitful discussions and useful 
comments. 

2 Geometry of exact bi-Hamiltonian mani- 
folds 

In this section we collect some results on the geometry of exact bi-Hamiltonian 
manifolds, and their relations with the hierarchies therein supported. It is 
fair to say that, in one form or the other, these results are known in the 
literature. However, we deem useful to collect them together here, as they 
somehow provide the guiding principle for the arguments contained in the 
core of the paper. Let us preliminarily recall a few basic notions. 

A bi-Hamiltonian (BH) manifold is a manifold endowed with a pair of 
compatible Poisson tensors Pi, P2 or, equivalently, with a pencils of Poisson 
bivectors P\ = P2 — XPi, it is well known that this definition entails that 
separately Pi and P2 are Poisson bivectors, and the the Schouten bracket of 
Pi and P2 vanishes (this is referred to as the compatibility condition). 

A sequence of bi-Hamiltonian vector fields Xi satisfying 

Xi = PidH,+^ = P^dH,, (4) 

with i running in some discrete set of indices, is called a Lenard-Magri se- 
quence. All the vector fields in such a sequence do commute among them- 
selves; equivalently, the functions Hi entering (jl]) (the Hamiltonians of the 
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sequence) are in involution w.r.t. the Poisson brackets defined both by Pi 
and by P2. 

Following [2^ we call a Lenard Magri sequence that starts from a Casimir 
function of one of the Poisson pencil (say, Pi) an anchored sequence; with 
the term pencil of Gelfan'd-Zakharevich (GZ) type we understand a pencil 
of Poisson bivectors endowed with n = dim(KerPi) anchored Lenard Magri 
sequences. We remark that all the Hamiltonians defined by a GZ pencil 
commute among themselves, even if they belong to different Lenard Magri 
sequences. Also, the pencis of Poisson bivectors entering the Dubrovin-Zhang 
classification scheme are dispersive deformations of pencils of hydrodynamic 
type and are all of GZ type. 

We shall herewith consider pencils satisfying an additional geometric re- 
quirement. 

Definition 1 Let P\ := P2 — XPi a pencil of Poisson bivectors, defined on 
a BH manifold M. . We say that Pa is an exact Poisson pencil if there exists 
a vector field Z G X{M) such that 

Pi = LiezPa; LiezPi(= Lie|P2) = 0. (5) 

The vector field Z will be referred to as the Liouville field of the exact Poisson 
pencil. 

We remark that, on general grounds, the Liouville vector field Z is not 
uniquely defined. For instance adding a bi-Hamiltonian vector field to a 
Liouville vector field one obtains a new Liouville vector field. In the known 
examples (e.g. in the case of the y4„-Drinferd-Sokolov hierarchies), there are 
some natural choices for it. Indeed, in the paper, we shall see that this is the 
case. 

2.1 Exact BH manifolds and second Hamiltonian func- 
tion(s) 

Let us consider an exact bi-Hamiltonian manifold, whose Lenard Magri 
chains be "anchored" according to the Gel'fand-Zakharevich definition ||24] . 
that is all chains originate from a Casimir function of Pi. Let 'H(A) := 
Hq + ^ + + ■ ■ ■ a Casimir of the pencil, that is a formal Laurent series 
in A satisfying 

P^dH{X) = 0(^ PidHo = 0), (6) 
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and consider the pencil of bi-Hamitonian vector fields Xx of the hierarchy, 
to be represented as 

Xx = PidH{X). (7) 



Proposition 1 Let 'H*{X) := — Lie^'H(A); then the one parameter family of 
vector fields Xx can be represented as 

Xx = Pxdn*{X), (8) 

that is, the deformed Hamiltonians "H* = Lie^'Hj define the same GZ foliation 
of the phase space M.. 

Proof. It follows from the straightforward chain of equality 

=Uez {PxdV,{\)) = Uez{Px)dn{X) + PxUez{dn{X)) 
= Pidn{X) + Px{dUez{n{X)) =Xx- PxdH*{X). 

m 

Remark: Exact bi-Hamiltonian pencils, besides having "historically" 
provided the first instances of such structures, naturally enter the so-called 
method of argument translation related with Lie-Poisson pencils on Lie alge- 
bras (see 

In the field of evolutionary integrable PDEs, applications of this method 
can be found in |il6j, §3; we notice however that in our case, the Gel'fand- 
Zakharevich sequences start from Casimir of the "deformed" tensor Pi, rather 
than with Casimirs of the (Lie Poisson) tensor P2. In the case of PDEs, this 
might be a non-trivial difference. 

2.2 Exact BH manifolds and the Virasoro algebra 

Master symmetries are a very classical topic in the theory of integrable PDEs 
[221 ES]- In [M] it was observed that the Galileian symmetry of the KdV 
equation could be used as a generator of a whole (albeit formal) family of 
such symmetries, and that such a family is isomorphic to the pronilpotent 
upper subalgebra of the Virasoro algebra, that is, the subalgebra generated 
by the elements ik with A; > 0. Here we shall show (see also lU [M]) that this 
is a common feature of all exact bi-Hamiltonian manifolds, and, in particular, 
that the Liouville vector field can be added as the Virasoro generator 
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Definition 2 13^ Let P\ he a Poisson pencil of GZ type, and let N : = 
P2 ■ Pi^^ its formal recursion operator. A vector field Y is called a conformal 
symmetry of the pencil if it holds 

UqyN = N . (9) 

Proposition 2 Let {Px, Z) be an exact bi-Hamiltonian pencil. Then the field 
Yq := N Z is a conformal symmetry of Px. 

Proof: Since = P2 Pi^^ we have Lie^(A^) = 1. Now, let us define 
Yq := N (Z); obviously 

[Yo, NX] = UeY,{NX) = Liey„(A^) X+NUeY,{X) = Liey„(iV) X+N [Yq, X]. 

(10) 

The vanishing of the Nijenhuis torsion of (which, as it is well known to 
experts in the theory of Poisson pencil, is implied by the compatibility of P2 
and Pi) reads, for every pair of vector fields W,X 

[NW, NX] = N [NW, X]+N [W, NX] -N'^[W,X]. (11) 

Substituting Yq = N Z in fllOj) and using the vanishing of the torsion of 
we get 

Lieivz(A^) X + N[N Z,X] = N [NZ, X] + N [Z, NX] - N'^ [Z, X] = 

N [NZ, X] + N (LieziN) X) + A^^ ^z, X] - N^ [Z, X] (12) 
which yields UeN ziN) X = N X W X, since Liez A^ = 1 . 

■ 

As a corollary, we have the following result (see [39] for the full proof, 
which holds obviously also for the slight generalization herewith presented). 
It is based on the properties 

UezN^ = j N^'^ (13) 

Proposition 3 Let 

Yj := N^+^Z{ so that Y_i = Z) 

be the family of vector fields obtained formally by the action of the recursion 
operator on the Liouville vector field Z . Then the commutation relations of 
the Virasoro algebra 

[Y„Y,] = {k - j)Yk+, 

hold. 
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2.3 The exact GD pencil and its r-function 

The nowadays standard formulation of the n-th {An) Gel'fand Dickey (hence- 
forth, GD) hierarchy is based on its Lax representation (see [11] for a full 
account of this theory); namely, the phase space is identified with the affine 
space of differential operators of the form 

L = 9"+^ + Und""-^ + Un-id""-^ + ■ ■ ■ + [/i, 

that is, the space of monic n + l-th order differential operators with vanishing 
n-th order term. Its bi-Hamiltonian structure can be represented by means 
of the Hamilton operators 

L = P,{X) = [L,XU 

1 1 (14) 

L = P2{X) = {LX)+L-L{XL)+ —[L,{d-'[X,LU)] 

n + 1 

where X represents a one-form on the phase space, that is, a purely non-local 
pseudodifferential operator. As it is customary, the subscript (■)+ refers to 
the purely differential part of the operator and (■)_! is the residue. The 
last term in the second row of (fT4|) is added to the standard Adler-Gel'fand- 
Dickey Hamiltonian operator in order to preserve the vanishing of coefficient 
of 9" of Hamiltonian vector fields associated with a generic one-form X (see, 
e.g., [m or [5] §9). 

It is well known - and easily ascertained from (1141) - that the Poisson 
pencil P2 — XPi is exact, and admits as a Liouville vector field the field 

Z ■=Ui = 1. 

It is also well known that the densities of conserved quantities of the n-th 
GD hierarchy can be collected in a generating function /i([f/], z) of the form 

Mi.i,.)^..f:MH!) 

i=l ^ 

where z"""*"^ = A; we use the symbol [U] as a shorthand notation for "differen- 
tial polynomial in the dependent fields Ui{x)"; the series h{[U],z) is related 
with the Baker Akhiezer function i(j of the theory by 
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and is the unique solution of the above form of the Riccati-type equation 

n— 1 
j=0 

where = 1 and, by definition, h^^+^^ = d^h^''^ + h{[U], z)h'-''\ 

In [21] the following representation for the n-th GD (and KP) flows was 
highlighted: 

The GD flows imply the local conservation laws 

^h{[Ul^) = d.H^'\{U],^), (15) 

where H^^\[U] , z) are formal series of the form H^^\[U], z) = -z-'+XlfcLi 

and z is related with the parameter A of the Poisson pencil by A = 2;""'"^Along 

the GD flows these "currents" obey the equations 

■^H^''\[U],z) = H^'+^^ - + ^ + J2 HfH^^-'\ (16) 

^ 1=1 1=1 

Let us consider the generating function of the densities of the second (or 
dual) hamiltonian h*{\U]^z). According to Proposition ([T]) it must satisfy as 
well suitable conservation laws, to be written as 

^h\[Uiz) = d.Hl^^{\Ui^). (17) 
in terms of "dual" currents H7-A\JJ],z) that have the form 



iJ5,(|C/l,.)=,V-' + f ^!M^. (18) 



2;" 

k=l 



It turns ouci that, if we denote by H(i) = z^ ^ — Yl,k>i ^^^^\ the dual 
currents are given by if^*^ = Yli'i=iH{i)H'^^^^^ ■ By using this representation, 
and working a bit on the component- wise form of ( IT6ll . and in particular on 
the formula 

h\[Ulz) = §;H[U].,z)-f^^^^hm,z), (19) 

j=i J 



^See [7] (where computations are done in the KP case) for more details. 
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one can show that the coefficients H*,^ are symmetric in j, k, i.e., if*^ = H^j, 

dH*!^ dm 

and along the flows their evolution satisfles = — — . Therefore, there 

oti dtj 

exists a function T{ti,t2, . . . ) (independent of the spectral parameter z) such 
that 

This function is the Hirota r-function of the GD hierarchy; the outcome that 
we want to herewith remark is that, in this picture, the r-function appears as 
the (logarithmic) potential for the densities of conservation laws associated 
with f|T7|) the second Gel'fand-Zakharevich Hamiltonian naturally deflned on 
the exact bi-Hamiltonian phase space of the KdV equation. 



3 The dispersionless case 

Let us consider an integrable system of the form ([1]), i.e. 

oo 

qI = Vj{q)qi + J2 • • • ' ^(n), ■■■), (21) 

k=l 

and consider its dispersionless (or hydrodynamical) limit. The equations of 
the dispersionless hierarchy have the form 

ql = V;{q}qi (22) 

For such systems, the class of Hamiltonian structures to be considered were 
introduced by Dubrovin and Novikov. Let us briefly outline the key points 
in their construction. Consider functionals 

J^[q]-= fiq\x),...,q''{x)) dx, and G[q] := g{q\x), . . . , q'^ix)) dx 

and deflne a bracket between them as follows: 

f f SF 5G 
{F,G}[q] := // -——uj'Hx,y)^—-dxdy = 
JJs^.s^5q^{x) ^ 5q^{y) 

(^'^{x,y) dxdy, (23) 



51x51 dq'{x) ' dqi{y) 
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where denotes the variational derivative with respect to g*. The bivector 
u)'^^{x,y) has the following (local, hydrodynamical) form 

a;^^=^^V(x-y) + n^g,^5(x-2/). (24) 

A deep result geometrically characterizes the conditions for a bracket ( l23l) 
be Poisson: 

Theorem 1 J7^ Ifdet{g^^) ^ 0, then the bracket (123|) is Poisson if and only 
if the metric g^^ is fiat and the functions F^-' are related to the Christoffel 
symbols of g.ij (the inverse of g^^ ) by the formula T^^ = —g'^'-Tj^^. 

Let us now consider a pair of Poisson bivectors of hydrodynamic type u^i , 
U2 , associated with a pair of flat metrics gi and g2- As shown by Dubrovin in 
[15] the fiat metrics define a bi-Hamiltonian structure of hydrodynamic type 
iff 

1. the Riemann tensor Rx of the pencil gx := g2 — Xgi vanishes for any 
value of A; 

2. the Christoffel symbols (rA)^ of the pencil are given by r*^2)fc ^ '^^^{i)k- 

In this paper we will consider Poisson pencils of hydrodynamic type satisfying 
two additional assumptions that can be expressed on the pencil gx as follows: 

Assumption I: The roots u^{q), . . . , u"'{q) of the characteristic equation 

det^A = det(^2 - A^ii) = 

are functionally independent. 

Assumption II: The Poisson pencil associated to the fiat pencil of metrics 
gx according to the Dubrovin-Novikov recipe is an exact Poisson pencil 
cox- By definition this means that Lie^a;2 = ^1 and Lie^Wi = for a 
suitable vector field Z. 

The pencil gx satisfying Assumption I is called semisimple and the functions 
u^{q) are called canonical coordinates. It can be shown that, in canonical 
coordinates both metrics are diagonal |22j : 
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and the the Poisson pencil ux becomes 

= g'^{u)5'{x-y) + T'^^^j^ul5{x-y)-\[g'^{u)5'{x - y) + T'l^^j^ul5{x - y) 

where the Christoffel symbols vanish if all the indices are different and (as- 
suming i ^ j) 

^ (2)j - ^ -L -L (2)i - ^ (l)i' -L (2)j - ^ (2)i - + ^ 

Remark 1 In canonical coordinates also the equations of the dispersionless 
hierarchy become diagonal. 

The following property will be crucial in the computations we shall perform 
in the core of the paper 

Theorem 2 A semisimple hi-Hamiltonian structure of hydrodynamic type is 
exact if and only if the condition 

A;=l 

is satisfied. 

Moreover, in canonical coordinates all the components of the vector field Z 
are equal to 1. 

Proof. By means of a straightforward computation, using formula [29] 

Lie^P^^' = (26) 

^ \ dul^{x) dul^^ix) duf^^iy) J 

we obtain 
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Similarly we obtain 

T- ij (yk^4) dZ^ k, dZ^ , 



dT 



The vanishing of the coefficients of 6'{x — y) implies 

Liezfi'2 = gi, Liez5'i = 0, 

or, more explicitly 

(Liez^^i)'' = - 2f^ = 

{Uezg2f = Z'u^^ + Z^f - ^u^f^ = f. 
Taking into account the ffist equation, the second equation implies 

Z' = l,i = l,...,n, (27) 
and, as a consequence, the ffist equation reduces to fl2^ . It remains to verify 

2k^_dZ^^k, -g^^^^ = Z'?^ = 

Qyk Qyk {1)1 Qyk {1)1 (1) QiikQyl Quk 



and 

_ dZ^^kj _ ^pa. _ .k d'Z^ ^ yk^_^ ^ p., 

du'^ (2)/ a^fcM2)/ ^WQukQyl ^ Qyk '{1)1- 

It is easy to check that both follow from (l25l) . 



Remark 1 In the above computations we have used the same letter (Z) to 
denote a vector field on the manifold M and the corresponding vector field 
on the loop space C{M). 

Remark 2 The semisimple Poisson pencil of hydrodynamic type associated 
with a semisimple Frobenius manifold is always exact flS^ - The Liouville 
vector field in this context is usually denoted by the letter e and called the 
unity vector field. 
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3.1 The n-th GD example 

Let us consider the dispersionless limit of the An Drinfel'd-Sokolov bi-Hamiltonian 
structure. In this case we have the following generating functions for the con- 
travariant components of the metrics of the pencil [36| [T8] 

. ^ ^ a .-1 ,-1 A-(p)A(g) - X\q)Kp) \\p)\\q) 



where 



p — q n + 1 



X(p) = + ?7>"-^ + --- + U^p+U\ 



Clearly, since A' does not depend on and = 1, we have 

Liez5'2 = gi, Lie^^ii = 0, 

with Z = that is the Poisson pencil associated with gi and g2 is exact. 
Moreover it is also semisimple. The canonical coordinates (m^, . . . , it") are 
the critical values of A. If we denote by fi, . . . , f„ the critical points of A (by 
definition they do not depend on U^): 

n 

A'b) = {n + + (n - + . . . + f/2 ^ + 1) -Q^^ _ ^ 0, 

fc=i 

the canonical coordinates are 

u' = vf+i + + ■ • • + + U\ 

As expected, in canonical coordinates, the vector field Z reads 

i=l i=l 

4 Central invariants 

The main problem in the approach of the Dubrovin's school to the theory of 
integrable systems is the classification of Poisson pencils of the form (see for 
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instance [HI 121 [13 ISl EHl i) 

= + E E ^mM • • • ' m)s'^'-'^'\^ - y) 



k>l 1=0 
k+1 



\ k>l 1=0 / 

where ui and 0J2 are semisimple Poisson bivectors of hydrodynamic type and 
A^-'j are differential polynomials of degree /. We recall that, by definition, 
deg/(g) = and degiq^)) = I. 

Two pencils IIa and 11^ are considered equivalent if they are related by a 
Miura transformation 

cf = F^{q) + e'Fiiq, q,,..., det-f ^ 0, degF^ = k. 

k>l ^ 

In the semisimple case [29] (that is if ux is semisimple) equivalence classes 
of equivalent Poisson pencils are labelled by n functional parameters called 
central invariants. More precisely two pencils having the same leading order 
are Miura equivalent if and only if they have the same central invariants. 
In general, the problem of proving the existence of the Poisson pencil corre- 
sponding to a given choice of the leading term ux and of the central invariants 
is still open. 

Let us recall the definition of the central invariants of a Poisson pencil. 

At each order in e the coefficient of the term containing the highest deriva- 
tive of the delta function is a tensor field of type (2,0), symmetric for odd 
derivatives and skewsymmetric for even derivatives. Consider the formal 
series 

n^p, X,q\...,qn= gh + E " ^ + E 4)M^'^') 

k>l V k>l J 

and denote by X\q,p) the roots of the equation 

det7T'\p,X,q\...,q-) = 0. 
Expanding X\q,p) at p = we obtain 

y = u' + + 0(p') 



15 



Followine; ITS] we can define the central invariant 

It turns out [291 E] that the central invariants q depend only on the canonical 
coordinates and are given by the following expression: 



^ ( pki _ i pki\2 



where Pi'' , Pl\ Qf', Q^i are the components of the tensor fields A^q^ ^2^0*"'; 

Ag^Q*'', A^^)^^ in canonical coordinates. This means that, in such coordinates, 
the pencil has the following expansion in e: 

li^ = ujl^+e{P^^S"ix-y) + ---)+e^Qp'"ix~y) + ---)+Oie^) 

-A [coY + e {Pl^6"{x -y) + ...)+e' {Q^^5"'{x - y) + . . .) + 0{e')] 

As a remark, we notice that we can define central invariants in an alter- 
native way, as 

^ Res^^^.Tig^'Ax (30) 



3/ 

where the tensor A^^ is defined by 
with 

Q'l = Q^-^. P^ = P^-\P^. 

To prove this identity we notice that the identity (129]) can be written in terms 
of the tensor A^l as 

" Akk 

3c.{u%fr = {A^}^^^ = Res..„. T^" (^1) 

k=l 

and therefore, dividing both sides by /* and using the properties of residues. 
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we obtain 



n 

-ResA=n» J2i9x^)kiAx = -Resx=u^TTg-^Ax. 

k=l 

Since the quantity Tr Qx^^x is a scalar function we can evaluate the com- 
ponents of the (1, 1) tensor field Qx^Ax in an arbitrary coordinate system, 
compute its trace and then, only at the end of the computation, write the 
result in terms of canonical coordinates. We will use this procedure in the 
following examples. 

AKNS. Let us consider the Poisson pencil UJ2 + ePg^'' ~ -^^i with 

where, to compactify the formulas, we write 6 instead of 6{x — y). This is 
the Poisson pencil of the so-called AKNS (or two-boson) hierarchy. 
In this case 

2u V — 
v-X -2 



9x 



After some computations we get Ax = and therefore, taking into account 
that 



u 



U2 — Ml Ui — U2 

using formula (!30l) we obtain 

ci = -^R«wTr,-A. = -^Resw^ = -^ 

C2 = -^R«^A^«^Tr^-A. = -^Resw^ = -l 

Two component CH. Moving Pj^'' from P2 to Pi in the Poisson pencil of 
the AKNS hierarchy one obtains the following Poisson pencil [201 ES] 

p _ f{2ud, + u,)6 v6'\ _.f S'- e6"\ 

^^~V d,{v6) -26' J ^[6' + e6" J ^'^'^^ 

17 



which is the Poisson pencil defining the so called CH2 hierarchy. The pencil 
gx and the canonical coordinates are the same of the previous example, while 
Ax = Using formula f pOj) we obtain 

ci = -37TR«^A^«^Tr,,-A. = -— Resw^ = -^ 
1 „ „ 1 . 1 „ 2A2 (u^Y 



C2 = -T-^ResA=«2Tr5f^^ylA = -— ^Res 



3/2 " "-^ ^ 3/2 -^-^ det^A 12 

Remark 3 Notice that in both examples the matrix gx^Ax is the identity 
matrix times a scalar function. In the first case this function is ^J^^ while 

in the second case it is 



detgx ' 



5 Bi-Hamiltonian cohomology 

In this section we collect, for the reader's convenience, some definitions and 
results about (Bi)-Hamiltonian cohomologies and the Dubrovin-Zhang com- 
plex (see [16] for full details and proofs). Let be a fiat metric on a manifold 
M and u be the associated Poisson bivector of hydrodynamic type. In anal- 
ogy with the case of finite dimensional Poisson manifolds [28j one defines 
Poisson cohomology groups in the following way: 

H^{£{M),uj) := ■ ^ioc} (34) 

imK:Af-/^AU 

where := [u, ■] (the square brackets denote the Schouten brackets) and 
Aj^^ is the space of local j-multivectors on the loop space of the manifold M 
(see [16] for more details on the definition of this complex). The space of local 
multivectors has a natural decomposition in components of same degree. To 
determine each component, we recall that, by definition, deg6{x — y) = 1 
and dx increases the degrees by one so that 

deg {A'''-'''^6^''\xi -X2)... S^''^\xi - Xk)) = degA'''-'''= + {l2+- ■ ■+k)+k-l, 

where = A*i'''*'=(tt(xi), m^..^, . . .) is a differential polynomial. In this 

way, for instance, a homogeneous vector field of degree A; is a vector field 
whose components are differential polynomials of degree k. Since the decom- 
position of Ajq^ in homogeneous components is preserved by d^, we have 

H^{CiM),u) = ®kHliC{M),u). (35) 
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For Poisson structures of hydro dynamic type like fl24p . it has been proved 
in |5S] (see also [13] for an independent proof of the cases n = 1,2) that 
H^{C{M),u) = for k = 1,2, . . . . The vanishing of these cohomology groups 
implies that any deformation of a Poisson bivector of a hydrodynamic type 

oo 

P^ = u + J2^"Pn, (36) 

n=l 

where G A^_|_2 loc obtained from u by performing a Miura transfor- 

mation. 

In order to study deformations of Poisson pencil of hydrodynamic type 
it is necessary to introduce bi-Hamiltonian cohomology groups [211 [161 129]. 
For i > 2 they are defined as 



HimM),u,,u2) 



Ker I df^-^d^^ Ia'~^ 



Im ( d, 



Im ( d, 



"u)! lA , 



Liu and Zhang showed that, in the semisimple case, 

Hl{C{M),uji,uj2)=Q 'ik^2, 
and that the elements of 

Hl{C{M),u^,uj2) 

have the form 

4 (|:/.-(.>iiog<..] - (|:/„...(„>yog<.. 



(37) 



where €*(«*) are the central invariants introduced in the previous section. 
More explicitly, the components of these vector fields, in canonical coordi- 
nates, are given by 



with 



1 f fdp 



-11 — 7/ 

2 ''^ ^ 2p du'- 



i = 1, . . . ,n. 

(38) 

(39) 
(40) 
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We will use these facts later. 



6 Constant central invariants and exactness 

This section is devoted to the proof of the main result of the paper. 
Theorem 3 Let 

oo / oo \ 

k=l \ k=l ) 

he a Poisson pencil whose dispersionless limit 002 — Xuji is semisimple and 
exact. Then its central invariants are constant if and only if it is, in the 
sense of formal series of Poisson pencils, exact. 

In particular, we recall that Theorem [2] states that a Poisson pencil of hy- 
drodynamic type is exact if and only if the quantities f^ satisfy 

k=l 

We split the proof of the main theorem into the proof of some Lemmas. 
Lemma 1 Let 



Ha = A - XPi = UJ2 + J^e^Pf - A Li + J] e'^Pf , P^? G A 



2 

k+2,loc 



k=l \ fe=l 



be a Poisson pencil whose dispersionless limit ux = U2 — Xuji is a semisimple 
Poisson pencil of hydrodynamic type (not necessarily exact). Let {c^, . . . , c") 
be the central invariants of Ux. Then there exists a Miura transformation 
reducing it to the form 



Iix = uJx + Y. '"'P2'\ P? = Liex(..,...,..)^i. (42) 

k=l 

with X(ci^...^c") given by f p7|) . 
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Proof. The lemma is a consequence of the vanishing of the second Poisson co- 
homology group [23 [ISl [IS] associated to Poisson structure of hydrodynamic 
type and of the triviahty of the odd order deformations [291 [II]- 

Let us restrict our attention to exact Poisson pencils of the form fj42|) . 
This means that there exists a vector field Z = Y1^=q^^^ ^'^k (degZ2A; = 2k) 
such that 

LiezK) = 0, (43) 

oo 

Liez(a;2 + $^e''^Ff^)=u;i. (44) 

k=l 

From dlS]) and (gl]) it follows that 

LiezoC^i = (45) 
Liezo'^2 = ^i- (46) 

We have seen (see Theorem [2]) that this implies f l2B]) and that, in canonical 
coordinates Zq = 1, that is Zq = e. 

Lemma 2 There exists a Miura transformation preserving ui that reduces 
Z to e. 

Proof. From (H3|) it follows that 

Liez,,(a;i)=0, /c=l,2,.... (47) 

This means, in particular, that Z2 = di^^H2 for a suitable functional H2- The 
Miura transformation generated by the vector field diH2 with 

Liee#2 = H2 (48) 

mantains the form of the pencil: Tlx ^Il\ = ux + ^1^=1 e^^p!^^^ and reduces 
Z to the form 

Z = e + e'{Ue,^^^^e + d^,H2) + Oie') = 

e + e\d^,{-Ue,H2) + d^.i/a) + 0{e^) = 

We can apply the same arguments to higher order deformations and construct 
a Miura transformation that maps Z into e. ■ 
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Remark 2 For completeness, let us further discuss the solvability of ( [^gp , 
that is, of an equation of the form 



Ue^K = K 



(49) 



for the unknown functional K 
(Hn} reads 



kdx. In canonical coordinates equation 



i=l 



Indeed taking into account the periodic boundary conditions the l.h.s. of 
is equal to 



i=l i=l ^ 



du 



k=l 



du 



dx 



^— dx. 



1=1 



where u^^^j,-^ is the k — th derivative with respect to x of u\ A solution can be 
found solving the equation 



for the density of the functional K. It is equivalent to the system of equations 



du' ^ du 

i=l i=l 



for the coefficients Ai, Bij, ... of the homogenous differential polynomial 



k — AiU^^j^-^ + BijU^^u^j^_^-^ + . . . 

With a linear change of coordinates (m^, . . . , u^) — )■ (w^, . . . , ty") we can 
reduce X]fc=i aS"' ■^'^ '^'"^^ coordinates the solution is obtained integrat- 

ing the coefficients of k along . Clearly the solution is not unique and in 
the coordinates {w^^ . . . , w^) is defined up to functions of {w"^, . . . , w"') . 

The next lemma shows that the constancy of the central invariants is 
related to the exactness at the second order of the pencil. 
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Lemma 3 Let Ux be a Poisson pencil of the form f l42p . Still in the hy- 
potheses of Theorem\^ (namely, if the condition (12^ is satisfied), the central 
invariants of Il\ are constant if and only if the second order condition 

LieePf ^ = 0, (50) 

is satisfied. 

Proof. We have the following identity 

LieePf ^ = LieeLieX(,^ . .^jWi = Lie[e,X(,^,.,.,,„),wi = Lie^, ,^.uJi (51) 

Suppose that LieeP2 = 0; then, using f lSTl) . we have 

and this implies |^ = 0, Vi. 

Suppose now that all the central invariants are constant, then, using (15T!) 
we obtain (ISU|) . 



Remark 3 According to the results of \29l and as already stated in Lemma 
[I] we can assume, without loss of generality, that P^"* is given by Liex^i- 
In this case condition ( 150|) gives the exactness at the second order of the 
pencil. However in order to prove that the exactness of the pencil implies 
the constancy of the central invariants we have to reduce the Liouville vector 
field to e. The reducing Miura transformation, in general, does not preserve 

p(2) 
-'2 • 

Lemma [3] relates the condition fl50|) to the constancy of the central invari- 
ants but does not give us any information about the higher order conditions 
entering the definition of exactness. In order to push our analysis further up 
in the e expansion, we need the results about bi-Hamiltonian cohomology we 
recalled in the previous section. 

Lemma 4 // the condition (!25|) is satisfied, and the pencil ( H2|) satisfies 

LiCePi^^ = 
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then there exist a Miura transformation such that 

oo 
k=l 

with 

LieePf''^ = 0, A; = 1,2,... 

Proof. We construct the Miura transformation by induction. Suppose that 
the pencil 11;^ satisfies 

LiCePi^''^ = 0, . . . , 
but at the subsequent order, 

LieePi'^+'^ 7^ 0. 

We show that it is possible to define a Miura transformation such that the 
transformed pencil IIa satisfies the above condition, that is, is exact up to 
order 2N + 2, with Liouville vector field still given hj Z = e. To construct 
such a transformation we will use the following strategy: 

• First we will show that 

LiCePo^'^'^^^ = Lie y(2N+2)0Ji 

and that the vector field X^^^'^'^^ belongs to H2]<^_^_2{C{M),uj 1,002)- Due 
to the triviality of this cohomology group for AT > this imphes that 

yi2N+2) _ , tt(2N+2) , 7^(2JV+2) 

for two suitable local functionals H^2^^'^'' and K^^'^'^^ having densities 
which are differential polynomials of degree 2N + 2. 

• Second we will show that the pencil related to IIa by the Miura 
transformation generated by the vector field d^^Kf^^'^\ with 

UeM""^'^ - Kf''^'\ (52) 
has the required property. 
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y{2N+2) 



Concerning the first point we have to show that 

= (53) 
d^, (lieePf ^+')) = 0. (54) 

This can be easily proved using the following consequences of graded Jacobi 
identity: 

LiCe — rfj^jLiee = (55) 
Liee (i(^2 ~ '^o^aLiee = d^^- (56) 

Indeed, (ISHjl follows immediately from (15^ and d^^^Fg^^^^^ = 0- To ascertain 
the validity of fl5^ we first observe that from [P2, P2] = it follows 

, p(27V+2) _ _i >r^rp(2fc) p(27V+2-2fc)n 

-'2 ~ 2 ^ 2 ) -'^2 J ) 

fc=i 

then using (l56l) and graded Jacobi we obtain 



AT 

(2A;) p(2Af+2--2A:) 



- J2 Uee[Pi^'"\Pt^"^^^^'\ = 



k=l 



Concerning the second point (that is, Equation fl52l) ). we observe that the 
Miura transformation generated by the vector field e^^'^'^d^j-i^K^^'^'^^ reduces 
the pencil to the form 

n, = + e^pf + . . . + e2^+2p(2iV+2) ^ ^^^27V+4) ^ 

= co, + e^p(^) + . . . + (Pi^'^^^) + Lie,^^^(....,a;2) + 0(6^^+^) 

and 

LiegPi^^^^) = Lie^Pr^-'^ +UeJ^,d^,kr'-'^ = 

, , ^(2iV+2) , , J ■ f>{2N+2) _ 

d^.d^M'''^'' + d..d^.Kr^'' = 
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Remark 4 The identity fl55p is the counterpart at the level of the double 
complex defined by (c/^j, (^^^2) ^/ exactness of the pencil 002 — Xoji- 

Collecting the results of all the previous Lemmas we can finally prove the 
main theorem. 



Proof of the main theorem. Due to lemma [H without loss generality we 
can assume that the pencil has the form fH2]) . Suppose that the pencil (jUJ 
is exact, i.e. it satisfies (H3|l and 

Due to lemma [21 performing a Miura transformation preserving Ui, we 
can reduce Z to e. After such a Miura transformation 

The exactness of the pencil implies 

LiCe (Liex(,^ . ,^,^1 + Lie^„^^,W2) = Lie^.a,^ ui + Ue^^^(^ue.ji^)^2 = 0, 



that is 



Liex.a^^ ec„x^i = -Lied^i(M2)^2. (57) 

The above identity makes sense only if c*=constant (and hence both sides 
vanish). Indeed, fl57p tell us that the second order deformation 

can be eliminated by the Miura transformation generated by the Hamilto- 
nian vector field e^d^^JAeeH2. But, due to the results of p9], this is possible 
only if = 0, Vz. 

Suppose now that the central invariants of the pencil fl42l) are constant. Due 
to lemma [3] the pencil satisfies the condition flHI]) . In order to prove that 
is exact it is enough to prove that it is Miura equivalent to an exact Poisson 
pencil. But this follows from lemma |H ■ 
We close this section discussing how the above procedure works for the 
case of the AKNS hierarchy. Let us consider the Poisson pencil (1321) . We have 
already shown that it has constant central invariants. According to theorem 
[3] it is an exact Poisson pencil. The Liouville vector field is Z = e = 
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Notice that 



-d"\ ^. f(2ud^ + u^)6 v6' 



5" ; " V MvS) -26' 
where 

This means that the Miura transformation generated by the vector field X 
(up to terms of order C(e^)) reduces the pencil (132!) to the form P( = 



e% . 2 f {2ud, + u,)5 v5'\ . ( {2ud, + u,)6 v6' \ 

2 d.{v6) -26')^ 6 ''''y d,{v5) -25'J + ' ' 

f{2ud, + u^)6 v6'\_ [0 S'\ e^fO 0\ e^fo -5"" 



\ d,{v5) -25') ^\6' J + 2 Vo ^"') ^ 6 \5"" J + • • • 

Notice also that the vector field Z = e = ^ is left invariant by the Miura 
transformation generated by X (indeed Z and X commute). Moreover ac- 

1(2) 

cording to lemma |3]LieeP2 =0. 



7 Conclusions and outlook 

In this paper we elaborated on the circle of ideas connecting exact bi-Hamiltonian 
pencils, tau structures, and the central invariants of hierarchies admitting 
hydrodynamical limit, as defined by Dubrovin and collaborators. We have 
provided the characterization of a semisimple exact pencil of hydrodynamical 
type in canonical coordinates. If this is related to a Frobenius manifold, then 
the Liouville vector field must coincide with the unity vector field. We have 
shown that the exactness of the pencil is equivalent to the constancy of the 
central invariants defined by the dispersive expansion of the Poisson pencil of 
the hierarchy, and, in particular, that exactness at order 2 in the e expansion 
is sufficient to ensure exactness at all orders. We believe that this property 
is intimately related with the properties of the vector field e that although 
not belonging to the Dubrovin- Zhang complex, defines an outer derivation 
of the complex, and satisfies (!55|) . 
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Still, many important examples of bi-Hamiltonian hierarchies of PDEs 
do not have constant central invariants (and are believed not to admit r- 
structures, at least in the strong sense herewith understood). Among them 
the Camassa-Holm equation and its multicomponent generalizations |8l[29|l9| 
[20] . and other examples belonging to the so called r-KdV-CH-hierarchy [33|[2| 
El [ID] ■ In particular in [21] it has been shown that the CH equation possesses 
linear central invariants, while, e.g., the CH2 equation has quadratic central 
invariants. A natural question would be whether the point of view exposed in 
the present paper can be applied to characterize these hierarchies. Work in 
this direction is in progress, to be detailed elsewhere; in particular, according 
to some preliminary results, this method can be applied almost verbatim to 
the case of linear central invariants. It corresponds to the geometric relation, 
well known in the CH case, 

Uez\P2) = 0, but UezP2^Pi- 

On the other hand, in the higher degree case, the iteration procedure seems 
to require further condition on the pencil, whose meaning is currently being 
investigated. 
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